Abstract. This is a continuation of "Rational Families of Vector Bundles on Curves, I". Let C be a smooth complex projective curve of genus g ≥ 2 and let M be the moduli space of rank 2, stable vector bundles on C, with fixed determinant of degree 1. We prove that there is a one-to-one correspondence between rational curves on M and rank 2 vector bundles on P 1 × C with some fixed Chern classes. For any k ≥ 1, we find all the irreducible components of the space of rational curves of degree k on M and their maximal rationally connected quotients.
1. Introduction
Statement of results.
Let C be a genus g ≥ 2 smooth projective curve over C. Let ξ be a degree 1 line bundle on C and let M be the moduli space of isomorphism classes of stable, rank 2 vector bundles E on C, with determinant det(E) = ∧ 2 (E) ∼ = ξ. Then M is a smooth, projective, irreducible variety of dimension (3g − 3). It is known that Pic(M) ∼ = Z [DrezNar] and let Θ be the ample generator. The canonical bundle K M is Θ −2 [Ramanan] .
Our main goal in this paper is to give a complete description of the irreducible components of the Hilbert scheme Hom k (P 1 , M) of rational curves on M of degree k ≥ 1. By a rational curve of degree k on M we will always mean a non-constant morphism f : P 1 → M, such that the line bundle f * Θ on P 1 has degree k. The expected dimension of Hom k (P 1 , M) is
This material is based upon work partially supported by the National Science Foundation under agreement No. DMS-9729992. For integers a and e, we define the range (⋆) to be {(a, e)| k ≥ a > k/2, k − a 2a − k ≥ e > 0} ∪ {(k, 0)} (⋆) In [C1] we proved that there is a nice component M ⊂ Hom k (P 1 , M): it has the expected dimension and the general element is unobstructed. Moreover, the general element is a very free curve if k is sufficiently large. . If k is even, the nice component M is not one of the varieties M(a, e). For any k, the nice component together with the irreducible components M(a, e) are all the irreducible components of Hom k (P 1 , M).
In [C1] we proved that if g is even and k is divisible by (g − 1), there is at least one extra component, which we called the almost nice component: it has the expected dimension and the general element is a free curve f : P 1 → M with the property that f * T M ∼ = O g ⊕ A, for some positive vector bundle A. Recall that a projective variety X is rationally connected, if there is a dense open X 0 ⊂ X, such that for any two points x 1 and x 2 in X 0 , there is a rational curve P 1 → X through x 1 and x 2 . If X is a smooth projective variety, its maximal rationally connected fibration (MRC) is a rational map ψ : X Z such that: i) the general fiber is rationally connected, and ii) for very general z ∈ Z, a rational curve in X intersecting the fiber ψ −1 (z) is contained in ψ −1 (z). The MRC fibration of a smooth projective variety is known to exist [Kollár] . The pair (Z, ψ) is unique up to a birational transformation.
We are interested in the question of finding the MRC fibrations of the spaces of rational curves on rationally connected varieties. The following theorem answers this question for the case of moduli spaces M of vector bundles.
These theorems recover some of the results in [C1] . (Our methods do not prove for example the result in [C1] about the general element of the nice component being a very free rational curve if k is sufficiently large.) However, our proofs here rely on some of the constructions and results in [C1] .
Main Idea.
The key point in all of the above theorems is the following fact: to give a morphism P 1 → M is the same as giving a rank 2 vector bundle F on P 1 × C, satisfying the condition that the bundle F p = F |{p}×C is stable for any p ∈ P 1 . Such a bundle F is unique up to tensoring with a line bundle from P 1 .
On M × C, there is a rigidified Poincaré vector bundle U: if c ∈ C, then det(U |M ×{c} ) ∼ = Θ. It follows that associating to a morphism f : P 1 → M the rank 2 vector bundle (f × id C ) * U on P 1 × C, gives a one-to one correspondence between rational curves on M and rank 2 vector bundles on P 1 × C, satisfying the stability condition.
As a consequence, we are lead to consider moduli spaces for rank 2 vector bundles F on P 1 × C with fixed Chern classes, constructed by Brosius in [Brosius1] and [Brosius2] , in the more general case of rank 2 vector bundles on a ruled surface. Precisely, we have to consider vector bundles F on P 1 × C as in the following Lemma.
Lemma 1.5. Let f : P 1 → M be a morphism and let F = (f × id C ) * U. If the rational curve f has degree k, then the Chern classes c 1 (F ) and c 2 (F ) in A * (P 1 × C) are such that c 1 (F ) = k{pt} × C + P 1 × c 1 (ξ), deg(c 2 (F )) = k Proof. Let m ∈ Z and α ∈ A 1 (C) such that c 1 (F ) = m{pt} × C + P 1 × α
Since for c ∈ C, we have det(U |M ×{c} ) ∼ = Θ, it follows that
This implies m = k. On the other hand, if p ∈ P 1 , we have det(F p ) ∼ = ξ. It follows that α = c 1 (ξ) and so we have found the formula for c 1 (F ). From [C1] (Lemma 3.1), we have deg(c 1 (f * Θ)) = deg(2c 2 (F ) − c 1 (F )
As f has degree k, hence, f * Θ ∼ = O(k), it follows that deg(c 2 (F )) = k.
Notations.
All our schemes, morphisms and products of schemes are over C, unless otherwise stated. If E is a locally free sheaf on a scheme X, we denote by P(E) the scheme Proj(Sym(E * ). When working with line bundles over P 1 × C, if M is a line bundle on P 1 and N is a line bundle on C, we denote by M ⊠ N the sheaf p 2. Review of Brosius' results 2.1. The canonical extension of a rank 2 vector bundle.
Let T be an integral Noetherian scheme. Let F be a rank 2 vector bundle on P 1 × T and let k be the fiber degree of F with respect to the second projection p 2 : P 1 × T → T :
If F is a fiber of p 2 , then the restriction of F to F has the form O(a) ⊕ O(k − a), for some integer a ≥ k 2
. The pair (a, k − a) is called the fiber type of F on F . The function h : T → Z, which associates to a point t ∈ T the integer a from the fiber type of F (on the fiber F above t), is upper semicontinuos. If a is the value of h at the generic point of T , it is said that F has generic fiber type (a, k − a). If a > k 2 , then F is said to be of type U (unequal) and if a = k 2 , then F is said to be of type E (equal).
Let F be a rank 2 vector bundle on P 1 × T of generic fiber type (a, k − a). Denote
The canonical morphism p * 2 p 2 * (F (−a)) → F (−a) induces a morphism g : F ′ → F . It is not hard to see that F ′ is a torsion free sheaf (of rank 1 in case U and rank 2 in case E) and that the morphism g is injective. Let J = coker (g). The canonical extension of F is:
The canonical extension in Case U
In case U, the sheaf J is isomorphic to I Z ⊗ M, where M is some line bundle on P 1 × T and I Z is the ideal sheaf of a local complete intersection (lci) subscheme Z of P 1 × T . The subscheme Z is given by the zeros of the morphism g, and it has codimension at least 2 in P 1 × T .
Consider now the case when the scheme T is a smooth projective curve C. Let F be a rank 2 vector bundle on P 1 × C with generic fiber type (a, k − a), where a > k 2
. Let L be the line bundle p 2 * F (−a). The canonical extension of F has the form
where Z ⊂ P 1 × C is an lci 0-cycle and L ′ some line bundle. If F is indecomposable, there are uniquely determined line bundles F ′ , M, an lci 0-cycle Z ⊂ P 1 × C and a point
Such an element ξ is called invertible if it determines an extension with the middle term F a locally free sheaf. The invertible elements form a dense open set in P(Ext
The extension determined by an invertible element ξ is, up to multiplication by a scalar, the canonical extension of F (see also Lemma 5.3). Moreover, an isomorphism F 1 ∼ = F 2 of vector bundles of type U on P 1 × C induces an isomorphism on their canonical sequences. The two sequences determine the same element in P(Ext
The canonical extension in Case E Let F be a rank 2 vector bundle on P 1 × T with generic fiber type (a, a). There is a unique line bundle M on P 1 × T , and a closed subscheme Z ⊂ P 1 × T such that, if D is the scheme theoretic image p 2 (Z) ⊂ T , and I is the ideal sheaf of Z in P 1 × D, we have J ∼ = I ⊗ M. The subscheme Z is clearly not unique.
Consider now the case when the scheme T is a smooth projective curve C. Let F be a rank 2 vector bundle on P 1 × C, with generic fiber type (a, a). Let E be the rank 2 vector bundle p 2 * F (−a). The canonical extension of F has the form
where I is the ideal sheaf of a 0-cycle Z in P 1 × D -where we denote by D the scheme theoretic image p 2 (Z).
We restrict ourselves to analyze canonical extensions of vector bundles F such that E is a stable vector bundle on C and the morphism p 2 : Z → D is an isomorphism, in which case we say that F has type ( †). Note that we have:
If F is indecomposable, there are uniquely determined sheaves F ′ , J and an orbit ξ for the action of Aut (
. An orbit ξ is called invertible if it determines an extension with the middle term F a locally free sheaf. The invertible elements form a dense open set in Ext
The extension determined by an invertible element ξ and the canonical extension of its middle term are in the same orbit of the action of Aut (O D ) on Ext 1 (J , F ′ ). Moreover, if there is an isomorphism F 1 ∼ = F 2 of vector bundles of type ( †) on P 1 × C, then their canonical extensions are in the same orbit for the action of Aut (O D ) on Ext 1 (J , F ′ ).
One may construct moduli spaces for rank 2 vector bundles F on P 1 ×C using the canonical extension of F . Let ξ be a fixed line bundle of degree 1. Let k ≥ 1 be an integer and denote:
2.2. The moduli space in Case U.
Let a and e be integers such that a > k 2 , e ≥ 0. We say that a line bundle on P 1 × C has type (a, −e) if it has the form O(a) ⊠ L, where L is a line bundle on C of degree −e. Define a contravariant functor F : Sch C −→ Sets F (S) = {Isomorphism classes of rank 2 vector bundles F on P 1 × C × S, such that ∀s ∈ S, the bundle F s has Chern classes c 1 and c 2 as in (2.2) and the canonical subbundle of F s has type (a, −e)} (2.3)
Note that if F ∈ F (Spec(C)), then the canonical extension of F has the form:
where L ∈ Pic −e (C) and I Z is the ideal sheaf of a 0-cycle Z. If we let δ = length (Z), then, by a computation with Chern classes, we have:
Note that e ≥ 0 and δ ≥ 0 imply
≥ e ≥ 0 and a ≤ k.
Theorem 2.1. [Brosius2] For each pair of integers a and e such that k ≥ a > k 2
, e ≥ 0, there exists an irreducible variety B which is a fine moduli scheme for the functor F of (2.3).
Precisely, there is a universal rank 2 bundle F B on P 1 × C × B: if S is a scheme and F S ∈ F (S), then there is a unique morphism ν : S → B such that F S ∼ = ν * F B ⊗ N , for some line bundle N on S.
Outline of the construction of B
There is an irreducible projective variety B ′ parameterizing extensions as in (2.4). If we denote by Hilb δ (P 1 × C) the Hilbert scheme of lci 0-dimensional subschemes of P 1 × C having length δ, B ′ is a projective bundle over the scheme Pic −e (C) × Hilb δ (P 1 × C), which we denote with S. Let p ′ : B ′ → S be the canonical map. The fibers of p ′ are of the form The variety B ′ (a, e) is a P N bundle over S = Pic −e (C) × Hilb δ (P 1 × C), where δ is given by (2.5) and N is given by
In terms of a, e and k, this is:
Note that N > 0 and the variety B(a, e) is non-empty for every a and e in the given range. . Define a contravariant functor F : Sch C −→ Sets F (S) = {Isomorphism classes of rank 2 vector bundles F on P 1 × C × S, such that ∀s ∈ S, the bundle F s has Chern classes c 1 and c 2 as in (2.2) and type ( †)} (2.7)
If F ∈ F (Spec(C)), then the canonical extension of F has the form:
where D is a 0-cycle on C of length a and E is a stable, rank 2 vector bundle on C, with determinant det(E) ∼ = ξ(−D).
Theorem 2.4. [Brosius2] For every positive even integer k, there exists an irreducible variety B which is a coarse moduli scheme for the functor F of (2.7).
It follows that there is a functorial way of associating to a scheme S and an element F S ∈ F (S), a morphism ν : S → B.
Outline of the construction of B Let M 1−a be the coarse moduli scheme of rank 2, semistable vector bundles on C, with determinant of degree (1 − a). Let the determinant map be det : [Ramanan] . However, there is a Poincaré bundle V on M 1−a × C.
We define S to be the fiber product
There is a vector bundle B ′ over S, parametrizing extensions as in (2.8). Denote by Let T be the group scheme over S which has as fibers over S the algebraic groups given by Aut (O D ). Then T acts on B by the action of Aut (O D ) on Ext 1 (J , F ′ ). If G ′ is the group PGL(r) acting on M 1−a , then G ′ acts as well on B. Identifying the scalar multiplication of extensions that appears in both the action of T and G ′ , one may define a group scheme G over S, which acts on B. There is a universal geometric quotient B for the action of G on B, which make the scheme B into a coarse moduli scheme for the functor F of (2.7).
There is a geometric quotient S of S by G, which is
The projection map p ′ descends to give a map p : B → S. Away from the ramification locus of C a → Sym a (C), the fibers of the map p are isomorphic to (PGL(1)) a .
Notation 2.5. We denote by B E the moduli scheme B from Theorem 2.4.
The dimension of the variety S is (a + 3g − 3). It follows that dim (B E ) = 4a + 3g − 3 = 2k + 3g − 3. (2.9)
3. The good locus in the moduli space of bundles on P 1 × C 3.1. The good locus in case U. Let B = B(a, e) be the variety in Theorem 2.1 and let F B be the universal bundle on
We say that a point b ∈ B is good if the bundle F b induces a morphism f : P 1 → M, or, equivalently, the bundle F p,b is stable for any p ∈ P 1 . Let B 0 ⊂ B be the set of good points. Proof. We first prove that the conditions are necessary. Consider an element in B(a, e):
where L ∈ Pic −e (C) and Z ⊂ P 1 × C is a 0-cycle of length δ. If p ∈ P 1 , then it follows that there is an injective morphism L → F p . As the bundle F p has degree 1, if it is stable, then we must have −e ≤ 0. It follows that B 0 (a, e) = ∅ if e < 0.
Assume now that e = 0 and δ > 0. Let p ∈ P 1 be such that ({p} × C) ∩ Z = ∅ and let D be the 0-cycle on C such that ({p} × C) ∩ Z = {p} × D. By restriction to {p} × C we get:
By passing to the saturation, we have that L(D) is a subbundle of
We prove now that the conditions are sufficient. From the construction of B = B(a, e), recall the notation
and consider the projective bundle
The fiber p ′ −1 (σ) is isomorphic to a projective space P(W ), where we denote
Denote with U the set B ∩ p ′ −1 (σ), which is the dense open set in P(W ) corresponding to extensions which have the middle term a locally free sheaf. Let U 0 ⊂ U be the good locus.
The set Y is closed in P 1 ×U and, for any p ∈ P 1 , the set Y p is closed in U. If π :
We prove the following: i) for any u ∈ S, the open U 0 is not empty if δ = 0 ii) for general u ∈ S, the open U 0 is not empty if e > 0 and δ > 0 In both cases, we show that Y has codimension at least 2 in P 1 × U, therefore, π(Y ) is a proper closed subset of U and U 0 = ∅.
Proof of i).
We prove that for any p ∈ P 1 , the set Y p has codimension at least 2 in U.
Since δ = 0 we have Z = ∅ and W = Ext
). Let r : W → V be the restriction morphism, which, by Lemma 3.2, is surjective. Note
(Lemma 2.1) we have that the locus of unstable extensions in P(V ) is a closed subvariety Z ⊂ P(V ) of codimension at least g ≥ 2. LetZ ⊂ P(W ) be the closure of the preimage of Z via the rational map P(W ) P(V ) induced by the restriction map r :
Proof of ii). Since δ > 0, we have Z = ∅. Let u = (L, Z) ∈ S be a general point such that Z is reduced, with no two points in the same fiber of the first projection
We prove that Y p has codimension at least 1 if p ∈ Γ. Equivalently, a general extension in
′ ) has its middle term F so that F p is a stable bundle. Assume the contrary: any extension in W has middle term F such that F p is unstable. Denote
Consider the restriction morphism r : W → V ; by Lemma 3.2, the map r is surjective. It follows that any extension in V has middle term an unstable vector bundle. We show that this is impossible. Let q ∈ C be such that
Since e > 0, we have that deg(L ′ ) ≤ 0 and we can apply again Lemma 2.1 from [C1] , to get that a general extension in V ′ has the middle term a stable vector bundle. Consider an exact sequence
But if the extension (3.1) is general in V ′ , we have that E is stable. But the extension (3.2) is in V and it has middle term the bundle E, contradiction. This completes the proof.
We give now the proof of the auxiliary lemma used in the proof of Theorem 3.1.
Lemma 3.2. Let X be an irreducible variety and Y ⊂ X a closed irreducible subvariety with ideal sheaf I. Let G ′ and G ′′ coherent sheaves on X such that for any exact sequence
by restriction to Y we get an exact sequence of coherent sheaves on Y :
The restriction gives a linear map:
The conditions in Lemma 3.2 are satisfied if, for example, the sheaf G ′ is locally free and the sheaf G ′′ has the property that rk
(If X is an irreducible variety, η is its generic point and G is a coherent sheaf on X, we define the rank rk G as the dimension of the O η -vector space G η ).
Proof. It is clear that the map r commutes with scalar multiplication. It is straightforward to check that the map r preserves addition, using the definition of the sum of two extensions (see [Weibel] , Def. 3.4.4). Consider the canonical morphisms of vector spaces:
It is easy to check that v • r = w. Since we have coker (w) ∼ = Ext 2 X (F ′′ , F ′ ⊗ I), the lemma follows.
The good locus in case E.
Let B = B E be the variety in Theorem 2.4. Recall from the construction of B, that it is the geometric quotient of an irreducible variety B by the action of a group G. Let F B be the locally universal bundle on
We say that a point b ∈ B is good if the bundle F b induces a morphism f : P 1 → M, or, equivalently, the bundle F p,b is stable for any p ∈ P 1 . Let B 0 ⊂ B be the set of good points. Proof. This is similar to the proof of Theorem 3.1. Let k = 2a. From the construction of B, recall the notation
and consider the vector bundle
We prove that B 0 is dense in a general fiber of p ′ . Let σ ∈ S and let (E, D) be its image (by the canonical projection) in
The fiber p ′ −1 (σ) is isomorphic to the affine space W = Ext
, which is the dense open in W corresponding to extensions whose middle term is a locally free sheaf. Let U 0 ⊂ U be the good locus. Define:
The set Y is closed in P 1 × U and, for any p ∈ P 1 , the set Y p is closed in U. Let π :
We prove that if σ ∈ S is a general element such that D ∈ Sym a (C) consists of distinct points, then Y has codimension at least 2 in P 1 × U, and therefore, π(Y ) is a proper closed subset of U. We prove this by showing that for any p ∈ P 1 , the set Y p has codimension at least 2 in U.
Let p ∈ P 1 and denote
(Lemma 5.4) we have that the locus of unstable extensions in P(V ) is a closed subvariety Z ⊂ P(V ) of codimension at least 2. LetZ ⊂ W be the preimage of the affine cone over Z via the restriction morphism r. Then Y p =Z ∩ U and we have: 
The loci M(a, e) and M E in the space of rational curves
We find all the irreducible components of the space Hom k (P 1 , M). They all correspond to the moduli of rank 2 vector bundles on P 1 × C that we constructed.
Let k ≥ 1 be an integer and let B be one of the moduli spaces B E or B(a, e), for a and e such that the good locus is non-empty (we assume k even if we work with B E ). Let F be the functor for which B is a coarse moduli scheme. Define F 0 to be the following open subfunctor of F :
The good locus B 0 ⊂ B is a coarse moduli scheme for the functor F 0 .
Consider the evaluation (universal) morphism
There is a transformation of functors:
which associates to an element G ∈ F 0 (S) the element h ∈ Hom(S, Hom k (P 1 , M)).
Remark 4.1. There is a morphism
that sends an element an element in B 0 that corresponds to a vector bundle F on P 1 × C, to the morphism f :
This is an immediate consequence of the coarse moduli property of B.
Lemma 4.2. The morphism ρ is birational onto its image.
Proof. This follows immediately from the fact that a morphism f :
If U is the rigidified Poincaré bundle on M × C, let H be the vector bundle (ev
is an irreducible component (with the reduced structure), we denote by H M the restriction of the universal bundle H to P 1 × C × M. Proof. Consider the following map from the transformation (4.2):
The element
. By Remark 4.1, it follows that there is a morphism ν : 
The subvarieties M(a, e) (for all a and e) and M E (if k is even) are mutually disjoint and they cover Hom k (P 1 , M).
Corollary 4.7. Any irreducible component of Hom
, for some a and e for which the good locus is not empty.
Proof. If k = 2a + 1, for f ∈ M(a + 1, a) the bundle H f has fiber type (a + 1, a). If k = 2a, for f ∈ M E , the bundle H f has fiber type (a, a). By [C1] (Lemma 3.4), f is an unobstructed point of Hom k (P 1 , M). Therefore, there is a unique irreducible component M containing f and, moreover, M has the expected dimension (2k + 3g − 3). Since by (4.4) and (4.5) both M(a + 1, a) and M E have the expected dimension, our result follows. 
is the inclusion morphism. It follows that M 0 = M E ; hence, there can not be two such components M. By Proposition 4.8, the subvariety M E is an irreducible component.
From the constructions of the varieties B(a, e) and M(a, e), we have a similar remark for the odd degree case. Note that by Lemma 4.9 and Remark 4.10, it follows that the nice component, as defined in Proposition 4.8, is the same as the nice component defined in [C1] . See Lemma 7.2 for another more geometric proof of this fact.
Families of vector bundles on
We analyze the behavior of the canonical extension in families of vector bundles on P 1 × C. In this section S will be an arbitrary irreducible variety. If F is a vector bundle on P 1 ×C ×S, we denote F s = F |P 1 ×C×{s} and F c,s = F |{c}×{s} , for s ∈ S, c ∈ C. We denote by p s 2 the canonical projection P 1 × C × {s} → C × {s}. Proof. Let η be the generic point of S. The generic fiber type of F η is (a, k − a). Consider the canonical extension of F η on P 1 × C × {η}:
where F ′ η is a line bundle and J η is a torsion-free sheaf. Let
where N η is a line bundle on C × {η}.
We prove that when we restrict the canonical extension of F S to P 1 ×C ×{η} we get exactly the exact sequence (5.1). Let F 1 → F S be an injective morphism such that when restricted to P 1 × C × {η} we get the injective morphism F ′ η → F η of (5.1). Let J 1 = coker (F 1 → F S ). By restricting to P 1 × C × {η}, we get an exact sequence isomorphic to (5.1):
S be the saturation of F 1 in F S and let J S be the torsion free sheaf which is the cokernel of the morphism F 1 → F S . We prove that the exact sequence 0 → F
2) is the canonical extension of F S . Note that rk F ′ S = rk F 1 = 1. By Lemma 5.2, it follows that F ′ S is a reflexive sheaf. As a reflexive sheaf of rank 1 is locally free, therefore we have that F ′ S is a line bundle. From the isomorphisms (
, for some line bundle N S on C × S. By Lemma 5.3, the sequence (5.2) is the canonical extension of F S , up to multiplication by a scalar. Let s ∈ S and consider the canonical extension of F s : −a) . By restricting the exact sequence (5.2) to P 1 × C × {s} we get an exact sequence:
and there is an injective morphism (N S ) s → L s .
Let d be the integer such that deg(N S ) s = d for all s ∈ S. It is clear now that for any s ∈ S, we have degL s ≥ d. We claim that there is a dense open S 0 ⊂ S such that for s ∈ S 0 the sheaf (J S ) s on P 1 × C × {s} is torsion free. Assuming the claim, we have by Lemma 5.3 that, for s ∈ S 0 , the sequence (5.3) is, up to multiplication by a scalar, the canonical extension of F s . It follows that, for s ∈ S 0 , the map (F ′ S ) s → F s is an isomorphism, therefore a s = a and (N S ) s ∼ = L s . In particular, for s ∈ S 0 , we have degL s = d.
We prove now the claim. Since J S is torsion free of rank 1, there is a closed subscheme D of P 1 × C × S, of codimension at least 2, and a line bundle M S , such that J ∼ = I D ⊗ M S , where I D is the ideal sheaf of D.
If s ∈ S is a point (not necessarily closed), let D s be the scheme theoretic intersection D ∩ (P 1 × C × {s}) and let T s be the sheaf T or 1 (O D , O P 1 ×C×{s} ). Note that T s is supported on D s . There is an exact sequence on P 1 × C × {s}:
where I Ds is the ideal sheaf of the closed subscheme D s in P 1 × C × {s}. It follows that T s is the torsion subsheaf of (I D ) s . Hence, for any point s ∈ S, we have T s = 0 if and only if (I D ) s (and hence (J S ) s ) is torsion-free.
Note that T s = 0 if and only if D is flat over S at the points in D s . Let S 0 be the open set of those s ∈ S for which D is flat over S at the points in D s . By our construction, (J S ) η is torsion-free, therefore T η = 0 and D is flat over S at the points in D η . It follows that S 0 is dense in S.
Recall that a sheaf F is called reflexive if the canonical map F → F * * is an isomorphism and that the sheaf F is torsion-free if and only if F → F * * is injective. Proof. Since F is reflexive, in particular, it is torsion-free. It follows that F ′ is torsion-free; hence the canonical map α : F ′ → F ′ * * is injective. One may find an inverse to α, by using that the composition F ′ * * → F * * → F ′′ * * is zero and the fact that F → F * * is an isomorphism.
Lemma 5.3. Let T be an irreducible variety and F a rank 2 vector bundle on P 1 × T of fiber degree k. Assume there is an integer a > k 2 and a short exact sequence on P 1 × T :
where L is a line bundle on T and J is a torsion free sheaf on P 1 × T . Then the extension (5.4) is, up to scalar multiplication, the canonical extension of F .
Proof. Assume that F has generic fiber type
. If η is the generic point of T , by restricting (5.4) to P 1 × {η}, we get that J η ∼ = O(k − a) and b = a. Tensor (5.4) by O(−a) and take the push-forward to T :
It follows that p 2 * J (−a) is a torsion sheaf. But as J is torsion-free, p 2 * J (−a) is torsion-free, so p 2 * J (−a) = 0. It follows that
) and since p 2 * F (−a) ∼ = L has rank 1, we have b = a.
We proved that the canonical subbundle F ′ of F is isomorphic to O(a) ⊠ L. Since there are no non-zero maps F ′ → J , there is an induced commutative diagram between (5.4) and the canonical sequence of F . Since a non-zero endomorphism of F ′ is given by scalar multiplication, the two sequences are scalar multiples of each other.
Families of vector bundles in Case E.
In this section we will work with families of vector bundles on P 1 × C with equal generic splitting (a, a). Since we can tensor F with O(−a), we may assume that a = 0.
Proposition 5.4. Let F S be a rank 2 vector bundle on P 1 × C × S such that, for any s ∈ S, the generic fiber type of the bundle F s is (0, 0). Assume that for any s in S and for any c ∈ C the bundle F s,c splits either as O ⊕ O or O(1) ⊕ O(−1). Then for any s ∈ S we have:
i) The canonical extension of F s has the form:
where E s is a rank 2 vector bundle on C and D s is a 0-cycle on C ii) The extension (5.5) and the restriction of the canonical extension of F S to P 1 ×C ×{s} are in the same orbit for the action of Aut (O Ds ) on Ext
In particular, deg(E s ) is constant for any s ∈ S.
Proof. Consider the canonical extension of F S :
Recall that F ′ S is the rank 2 torsion free sheaf (p 2,3 * F S ), where p 2,3 is the canonical projection
We prove that φ s is an isomorphism. For any c ∈ C and s ∈ S there are canonical morphisms
such that χ c,s • φ c,s = ψ c,s , where φ c,s is the restriction of the morphism φ s to P 1 × {c} × {s} (see [Mumford] ). Since for any s ∈ S and c ∈ C we have H 1 (P 1 , F c,s ) = 0, it follows that ψ c,s and χ c,s are isomorphisms. Hence, φ c,s is an isomorphism for any c ∈ C and therefore, we have that φ s is an isomorphism.
Let s ∈ S and consider the canonical extension of F s : s , which we proved is an isomorphism. It follows that the restriction map (F ′ S ) s → F s is injective and by restricting (5.6) to P 1 × C × {s} we get an exact sequence:
Moreover, there is an isomorphism (J S ) s ∼ = J s . Since Aut (J s ) ∼ = Aut (O Ds ), the proposition follows. Comment. Note that for any rank 2 vector bundle F S on P 1 × C × S with generic fiber type (0, 0), we have by upper-semicontinuity that there is a dense open S 0 ⊂ S such that for any s ∈ S 0 , the bundle F s has generic fiber type (0, 0). Therefore, the first assumption in Proposition 5.4 is not hard to satisfy. However, the assumption about the splitting of F s,c is a non-trivial one (see Remark 5.6).
Complete families of vector bundles
If T and X are smooth irreducible varieties, a vector bundle F on X ×T is called a complete family of vector bundles on X if the Kodaira-Spencer infinitesimal deformation map
is surjective for any t ∈ T [LePotier] (II.15.1) .
If X = P 1 and F is a complete family of rank 2 vector bundles on P 1 , such that for general t ∈ T we have that F t ∼ = O ⊕O, then the points t ∈ T for which F t splits as O(α)⊕O(β), with |α − β| ≥ 3 form a closed set of codimension at least 2 ( [LePotier] , II.15.4.3). By applying this to T = C × S, where S is a smooth variety, we have the following consequence. Note that if F S is a vector bundle on P 1 × C × S, then F S can be regarded as a family of vector bundles on P 1 × C, as well as a family of vector bundles on P 1 . Consider the Kodaira-Spencer map given by the family F S of vector bundles on P 1 × C:
If F S is such that for any s ∈ S and p ∈ P 1 we have det(F s,p ) ∼ = ξ, the Kodaira-Spencer map (5.8) factors through a map:
where Ext
s ) corresponding to traceless endomorphisms. Via the canonical isomorphism
, where by ad(F s ) we denote the subbundle of F s ⊗ F * s of endomorphisms of trace zero. If we fix a closed point c ∈ C, the family F c = F S |P 1 ×{c}×S , of vector bundles on P 1 , induces a Kodaira-Spencer map:
It is easy to check, using the definition of the Kodaira-Spencer map (see [LePotier] , II.15.1) that r • ω = ω c , where r is the restriction map
The following lemma will help us to check when a rank 2 vector bundle F S on P 1 × C × S is a complete family of vector bundles on P 1 .
Lemma 5.7. Let F S be a rank 2 vector bundle on P 1 × C × S, with generic fiber type (0, 0). Assume that for any s ∈ S and p ∈ P 1 we have det(F s,p ) ∼ = ξ. If the map ω + in (5.9) induced by F S is surjective for any s ∈ S, then F S is a complete family of vector bundles on P 1 .
Proof. Let s ∈ S, c ∈ C. By Lemma 5.8, the restriction r + of the map r of (5.11) to Ext
+ is surjective. It follows that the composition ω c = ω • r is surjective. Hence, the family F c , of vector bundles on P 1 , is complete, for any c ∈ C. Consider the Kodaira-Spencer map induced by F S as a family of vector bundles on P 1 :
It is a straightforward computation to check that, if i is the inclusion T s S → T s S ⊕ T c C given by u → (u, 0), then the composition υ • i is the Kodaira-Spencer map ω c , given by the family F c . It follows that the family F S of vector bundles on P 1 is complete.
Lemma 5.8. Let G be a rank 2 vector bundle on P 1 × C with generic fiber type (0, 0). For any c ∈ C, the restriction map Ext
It is enough to prove that H 2 (P 1 × C, ad(G) ⊗ I c ) = 0, where I c is the ideal sheaf of P 1 × {c} in P 1 × C. Using a Leray spectral sequence, we have
Let ζ be the generic point of C. Then G ζ ∼ = O ⊕ O and R 1 p 2 * (ad(G) ⊗ I c ) ζ = 0. It follows that the sheaf R 1 p 2 * (ad(G) ⊗ I c ) is supported on a finite set of points of C. It follows:
Let M ⊂ Hom k (P 1 , M) be an irreducible component and let H M be the restriction of the universal bundle H to P 1 × C × M. For f ∈ M, we have that the bundle H f on P 1 × C is isomorphic to (f × id) * U. By Lemma 1.5, the fiber degree of the bundle H f is k and the Chern classes of H f are c 1 and c 2 as in (2.2). Let a ≥ k 2 be the integer such that H M has generic splitting type (a, k − a).
Case a > k 2
. By Proposition 5.1, it follows that there is an integer e and a dense open M 0 ⊂ M such that for f ∈ M 0 , the canonical subbundle of H f has type (a, −e). Since the bundle H f induces a morphism f : P 1 → M, the bundle H f corresponds to a point of the good of the moduli space B(a, e). Hence, the members of the family H M correspond to points in B 0 (a, e).
Assume k = 2a is an even integer. Let M ⊂ Hom k (P 1 , M) be an irreducible component with generic fiber type (a, a) and let M 0 ⊂ M be a dense open such that for f ∈ M 0 the vector bundle H f has generic fiber type (a, a). By [C1] (Lemma 3.4), f is a smooth point of Hom k (P 1 , M). We have that M is an irreducible component of the expected dimension (2k + 3g − 3), which is smooth along M 0 .
For f ∈ M 0 , using that Hom k (P 1 , M) is smooth along M 0 , we have that the family H M 0 of vector bundles on P 1 × C induces a Kodaira-Spencer map
We prove this map is an isomorphism. First, recall that there is a canonical isomorphism
(See [Kollár] , II.1.7). On the other hand, we have f
. One may check directly, using deformation theory, that if we compose (5.12) with the canonical map
we obtain the map (5.13). Since p 1 * ad(H f ) = 0, the canonical map (5.14) is an isomorphism. It follows that the Kodaira-Spencer map (5.12) is an isomorphism. By Lemma 5.7, the family H M 0 of vector bundles on P 1 is complete. Using Remark 5.6, it follows that, eventually shrinking M 0 , if f ∈ M 0 , for any c ∈ C, the bundle H f,c splits either as O(a) ⊕ O(a) or as O(a + 1) ⊕ O(a − 1). By Proposition 5.4, it follows that, for any f ∈ M 0 , the canonical extension of the bundle H f has the form
for some rank 2 vector bundle E on C and D a 0-cycle on C. By a computation with Chern classes, it follows that deg(D) = a and deg(E) = (1 − a). We claim that, for general f ∈ M 0 , the bundle E is stable. This proves that (eventually shrinking M 0 ) there is a dense open M 0 ⊂ M, such that for any f ∈ M 0 , the bundle H f has type ( †) (see (2.1)), and so the members of the family H M 0 correspond to points in B 0 E . We prove now the claim. By Corollary 5.5, it follows that there is an open in M 0 , possibly empty, such that the bundle E is stable. We prove that this open is dense. Let f ∈ Hom k (P 1 , M) be such that the bundle E is not stable. Then there is a line subbundle
Since H f is locally free, by Lemma 5.2, the sheaf F ′ is reflexive. Since a reflexive sheaf of rank 1 is locally free, we have that F ′ is a line bundle. We have
. Since H f is stable on the fibers over P 1 , we have d ≥ 0. As J is torsion free, we have J ∼ = I Z ⊗ M, for some Z ⊂ P 1 × C a 0-cycle and M a line bundle on P 1 × C. From a computation with Chern classes, we have
. By Remark 2.3, there exists a variety B(a, d) which parameterizes extensions (5.15). Moreover, since there is a universal bundle on P 1 × C × B, by the same argument as in Remark 4.1, there is a morphism
Note that the dimension of B(a, d) may be computed from (2.6) to be:
, it follows that dim B(a, d) < (4a+3g −3) = (2k +3g −3). It follows that a general f ∈ M is not in the image of µ d for any d. Hence, for general f ∈ M, the bundle E in the canonical sequence of H f is stable.
6. Irreducible components coming from M(a, e) Fix k ≥ 1 and consider the range (⋆) for the pairs of integers (a, e) for which the good locus B(a, e) is non-empty (see Figure 1) :
Let A be the branch of the hyperbola in the plane with axis a and e given by: For (a, e) in the range (⋆), the subvarieties M(a, e) of Hom
Observation 6.1. For integers a and e in the range (⋆), the dimensions of the subvarieties M(a, e) grow as follows (see Figures 2 and 3) : Proof. This is clear since
Note that if M(a, e) is an irreducible component, then dim M(a, e) ≥ (2k + 3g − 3). The locus of pairs (a, e) in the range (⋆) where dim M(a, e) = (2k + 3g − 3) is given by:
i) The point (a, e) = (
iii) The part of the hyperbola B, given by equation:
that is inside the range (⋆), when a ≥ The hyperbola B intersects the curve A at the points:
, e = g 2 − 1 and a = k + 1 2 , e = k − 1 2
The curve B intersects the a-axis at the point
The following observation is a consequence of Proposition 5.1.
Observation 6.3. For each (a, e) in (⋆), the subvarieties M(a, e) satisfy the property that if
We recall as observations the following statements proved in Section 4.
) is the nice component. Proof. The condition is clearly necessary. We prove that it is also sufficient. For (a, e) = (
) (if k is odd), by Observation 6.4, we have that M(a, e) is an irreducible component. Let (a, e) be in the region R and (a, e) = (
). Assume that M(a, e) is not an irreducible component. Then there is M ′ ⊂ Hom k (P 1 , M) irreducible component containing M(a, e) and we have dim M ′ > dim M(a, e) ≥ (2k + 3g − 3). It follows that M ′ is not the nice component. By Observation 6.5, there are integers a ′ and e ′ such that M ′ = M(a ′ , e ′ ). By Observation 6.3, it follows that a ≥ a ′ and e ≤ e ′ . Note that in the region R we have e ≤ . By Observation 6.1, we have
, which gives a contradiction. It follows that M(a, e) is an irreducible component.
We prove now i). Let (a, e) be in the range (⋆), but not in the region R. 
which is dominant if and only if δ ≥ g.
Proof.
By Corollary 4.6, there is an isomorphism M(a, e) ∼ = B 0 (a, e). Recall that B 0 (a, e) is a dense open in a projective bundle over Pic −e (C) × Hilb δ (P 1 × C); let π be the induced map:
The map π associates to f ∈ M(a, e) the pair (L, Z) from the canonical extension of the bundle H f corresponding to f . Note that the fibration given by π is locally trivial with rational fibers. If δ = 0, since Pic −e (C) is an abelian variety, the morphism π gives the MRC fibration of M(a, e).
If δ > 0, there is a birational morphism v : Hilb
is the second projection, consider the following composition, which we denote by σ:
Since v is birational and the fibers of u are rational, it follows that the general fiber of σ is rational. Denote by ρ the following composition:
The general fiber of ρ is rational since π is locally trivial with rational fibers. It follows that ρ gives the MRC fibration of M(a, e). Note that ρ is dominant if and only if u is dominant, that is, when δ ≥ g.
7.
2. Geometric description of the varieties M(a, e) and M E .
The varieties M(a, e).
Recall that we defined in [C1] , for every L ∈ Pic −e (C), a vector space V L as the space of extensions Ext
be the locus of unstable extensions. We defined a morphism
, then there is L ∈ Pic −e (C) such that f is the extension of a rational map obtained as a composition
Proof. Let f ∈ M(a, e). The canonical sequence of the vector bundle H f has the form
Let Γ ⊂ P 1 be the set-theoretic image of Z via the projection to P 1 . Recall that Z is a 0-cycle in P 1 × C of length δ = (k − a) − e(2a − k). The restriction of the morphism f to P 1 \ Γ factors as
If δ = 0 then Z = ∅ and the morphism g is defined everywhere. As f has degree k and κ * L Θ ∼ = O(2e + 1), it follows that g has degree
Note that if δ = 0, the variety M(a, e) is the variety S(e, n), for n = (2a − k), defined in [C1] (Section 3.3). In particular, if k is odd, then M(
) is the nice component of the space Hom k (P 1 , M), as defined in [C1] .
Lemma 7.3. The only irreducible components M of the space Hom k (P 1 , M), of the form M(a, e), for which the evaluation map ev : P 1 × M → M is dominant, are for the following cases of a and e (see Figure 5 ):
is an odd integer and a = , e = g 2 − 1
Note that by Lemma 7.2, in case i) the variety M(a, e) is the nice component of [C1] , while in case ii) it is the almost nice component of [C1] . The two components are the same if g even and k = (g − 1).
Proof. By Lemma 7.2, we have that if e < g 2 −1 there is a proper subvariety of M that contains all the rational curves in M (the images in M of the morphisms κ L for all L ∈ Pic −e (C) form a variety of dimension at most (2e + g − 1) + g < (3g − 3). The cases i) and ii) are precisely the irreducible components for which e ≥ To show that in these two cases, the evaluation map ev : P 1 × M → M is dominant, we recall that we proved in [C1] (Corollary 4.2) that a general element of these components is a free curve f : P 1 → M. It follows from the general theory of free rational curves (see [Kollár] , II, 3.5.3) that these curves cover M.
7.2.2.
The variety M E . Assume that k = 2a is an even positive integer. In [C1] , for every D ∈ Sym a (C) and E ∈ M 1−a such that det(E) ∼ = ξ(−D), we defined a vector space V D,E as the space of extensions Ext then there is a pair (D, E) as before such that f is a composition
If k is even, the variety M E is the nice component of the space Hom k (P 1 , M), as defined in [C1] . By a similar argument as in Lemma 7.3, one may see that the rational curves in M E cover M, for any k ≥ 2. It is a consequence of the fact that the general element of M E is a free curve for any even k ≥ 2 (see [C1] , Lemma 7.1).
Obstructed components.
Recall that an element f ∈ Hom
An unobstructed point is a smooth point of Hom k (P 1 , M) and it is contained in a unique irreducible component of the expected dimension (2k + 3g − 3). Hence, if an irreducible variety Proof. Let f ∈ M(a, e) and, for simplicity, denote F = H f . We have from [News72] 
, where ad(F ) is the bundle of traceless endomorphisms. We have
We compute H 2 (F ⊗ F * ) using the canonical sequence of F :
We first show that H 2 (F ′ ⊗ F * ) = 0. By Serre duality, if K is the canonical bundle of P 1 × C, this is equivalent to H 0 (F ′ * ⊗ F ⊗ K) = 0. By tensoring (7.2) with F ′ * ⊗ K and taking global sections, we get an exact sequence:
More generally, we show that F ′ * ⊗ K ⊗ M does not have global sections. Note that
where L is a line bundle on C of degree −e. Since K ∼ = O(−2) ⊠ K C , it follows that . Hence, we have proved
The long exact sequence coming from the sequence (7.2) tensored with F * gives
. By tensoring the exact sequence (7.2) with K ⊗ M * , it follows that
The line bundle
has global sections if 2a − k ≥ 2 and e < − 1 and L is general in Pic −e (C) (use Brill-Noether theory, see [ACGH] , IV.4.5) the line bundle K ⊗M * ⊗F has no global sections, it follows that the general point any of these irreducible components is unobstructed. Proof. By Proposition 7.5, a general point f ∈ M is obstructed. We have h
and the tangent space to Hom
The pairs of integers (a, e) in Corollary 7.6 are on the part of the hyperbola (B) that lies beneath the line e = g 2 − 1. For example, if g = 10 and k = 33, the irreducible component M(18, 1) has the expected dimension, but the general point is obstructed.
Particular cases and examples
The irreducible component with the largest dimension By Lemma 7.2, a general element f ∈ M(k, 0) may be obtained from degree k rational curves in some (g − 1) dimensional linear subspaces of M. Note that there is a g-dimensional family of such linear subspaces of M, hence, the rational curves in M(k, 0) stay in a proper subvariety of M of dimension (2g − 1).
Low degree rational curves
Corollary 8.1. (Lines) The variety Hom 1 (P 1 , M) has the expected dimension (3g − 1) and is isomorphic to a projective bundle over the variety P ic 0 (C).
Proof. Let k = 1. The range (⋆) for a and e is just the point (1, 0) (see Figure 7) . Let M be the nice component M(1, 0). It is the unique irreducible component of Hom 1 (P 1 , M) and it has the expected dimension (3g −1). By Corollary 4.6, we have M(1, 0) ∼ = B 0 (1, 0). It is easy to show that B 0 (1, 0) = B(1, 0) = B ′ (1, 0) (see Theorem 3.1). It follows that M ∼ = B ′ (1, 0) is a projective bundle over Pic 0 (C). Proof. There is only one variety of the form M(a, e), namely M(2, 0). It follows from Theorem 6.6 that M(2, 0) and M E are the only irreducible components. The geometric description follows from Lemma 7.2. Proof. There are only two varieties of type M(a, e), namely M(2, 1) and M(3, 0). It follows from Theorem 6.6 that their closures in Hom 3 (P 1 , M) are irreducible components. The geometric description follows from Lemma 7.2.
Low genus examples
The following are consequences of Theorem 6.6 and Lemma 7.2. , 1), which also has the expected dimension. We have five irreducible components (see Figure 12 ):
i. The nice component M(8, 7), which has the expected dimension 45 ii. The almost nice component M(9, 2), which also has dimension 45 iii. The component M(9, 1), which has dimension 46 iv. The component M(10, 1), which has dimension 53 v. The component M(15, 0), which has dimension 101 Note that the MRC quotient of the component M(9, 1) is isomorphic to J(C) × A, where A is the subvariety of J(C) given by the image of the map Sym 3 (C) → Pic 3 (C). The MRC quotient of any of the other components is isomorphic to J(C). Note that the MRC quotient of the components M(31, 30) and M(61, 0) is J(C), while the MRC quotient of all the other components is not J(C). If we compute δ = (k −a) −e(2a−k), we see that δ ≥ g in the following cases: a = 35, e = 2 and for 35 ≤ a ≤ 38, e = 1. In all these cases the MRC quotient is J(C) × J(C).
Pictures describing the region R
The following pictures describe the region R, corresponding to irreducible components of the form M(a, e). (kg)/(2g−2) (k/2)+1 Figure 18 . The dark shaded part is the region R when g ≥ 3 and k is an even integer in the interval 0 < k < g − 1
